1

7

8

Input estimation as a qualitative trend analysis problem
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Abstract

The study of techniques for qualitative trend analysis (QTA) has been a pop-
ular approach to address challenges in fault diagnosis of engineered processes.
Such challenges include the lack of reliable extrapolation of available models and
lack of representative data describing previously unseen circumstances. Many of
these challenges appear in biological systems even when normal operation can
be assumed. It is for this reason that QTA techniques have also been proposed
for the purpose of fault detection, automation, and dynamic modeling. In this
work, we adopt a shape-constrained spline function method for the purpose of
unknown input estimation. Thanks to data collected at laboratory-scale in a
biological reactor for urine nitrification, this novel approach has been demon-
strated successfully for the first time.
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Acronyms

Acronym  Full expression

DO dissolved oxygen

LTI linear time-invariant

MHE moving horizon estimation
OUR oxygen uptake rate

SCS shape-constrained splines
QTA qualitative trend analysis

1. Introduction

Routine execution of on-line process data analysis is a challenging task for
many processes. The use of models to extract valuable information from the
available data is often known as soft-sensing and several such methods for have

been developed. Widely-known methods include the Kalman filter and its ex-

tensions (e.g., Romanenko & Castro|, |2004} [Kravaris et al., 2013} [Prakash et al.|

. These techniques provide a systematic approach to the construction of
such soft-sensors on the basis of dynamic process models. Factors affecting the
success include the completeness of available process understanding, whether
or not measured variables include or describe the key process states compre-
hensively, and whether the process undergoes important changes over time. To
obtain a useful model, two modeling approaches are distinguished. The first
consists of white-box modeling and is based models which reflect the mechanis-
tic understanding of the process. Successful application of soft-sensors based on
white-box models requires completeness, accuracy, and precision of the applied
model. If this is not met, systematic deviations, i.e. bias, should be expected
between the extracted estimates and their true values. When a reliable white-
box model is not available, one may choose to take the black-box route. In this
case, one uses historical data to empirically define the relationships between (i)

data that is available cheaply and reliably and (%) information that is difficult
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to obtain directly. Unfortunately, many black-box models (e.g., neural nets,
regression trees, support vector machines) lack transparency. As a result, such
models may not be trusted to provide information for safety- or quality-critical

decisions (see e.g., 2007; Wang et al., [2010)). In addition, black-box models

often suffer from large estimation errors when extrapolated. Choosing between
white-box and black-box approaches often entails a trade-off between these as-
pects. Quite naturally, several authors have proposed a mixed approach, i.e.
grey-box modeling, to represent the process mechanistically in as much as pos-
sible while representing the lesser known parts of the process as a black-box
model.

In a number of situations, one may simultaneously lack detailed process un-
derstanding as well as sufficient data to properly define any of the traditional
models described above. This is true for many processes and has led to the devel-

opment and application of coarse-grained qualitative modeling and simulation

techniques (Venkatasubramanian et al. 2003). Such methods are deliberately

imprecise which leads to predictions that can be trusted (reliability) despite large

uncertainties. Despite this imprecision, this still enables causal reasoning and

decision-making, e.g. (e.g., Kuipers, 1989; Maurya et al., 2003; Bredeweg et al.,

[2009; [Kansou & Bredeweg),2014). In the process engineering literature, the qual-

itative approach has been advocated mainly for the purpose of fault diagnosis
and is primarily implemented in the form of qualitative trend analysis (QTA,
[Bakshi & Stephanopoulos, [1994; [Rengaswamy & Venkatasubramanian|, [1995;

[Dash et al, [2004; [Charbonnier et all, 2005} [Gamero et all, 2006} [Charbonnier &
\Gentil, [2007; Maurya et all, 2010; |Villez et al., 2012, 2013} |Gamero et al.,2014).

The main motivation is that both process understanding and data describing
the dynamics of processes subject to rare events are typically extremely limited.
The same can often be said even for normal conditions for complex biological

processes. When so, qualitative approaches also become valuable outside of the

fault diagnosis niche, e.g. for process data mining (Stephanopoulos et al., [1997;

|Villez et al., [2007). More recent work has pushed the application boundary even

further by enabling fault detection (Villez & Habermacher] 2016), image analy-
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sis (Derlon et al,2017)), model structure identification (Masi¢ et al.l 2017), data

reconciliation (Srinivasan et al., 2017, and process automation (Villez et al.|
2008; | Thiirlimann et al., 2015) on the basis of the QTA philosophy.

Existing methods for QTA are useful to describe the qualitative features
(e.g., maxima, minima, inflection points) of a data series. In contrast, we provide
a new approach to QTA which describes the qualitative features of a process
input signal which cannot be measured directly. To this end, the process itself
is represented by a piece-wise linear time-invariant (LTI) model. The analyzed

measurement data series is assumed to be univariate, which is typical in the QTA

literature apart from a few exceptions (e.g.,|[Flehmig & Marquardt} 2006} 2008]).

The unknown input signal is represented as a shape constrained spline function.
Estimating the parameters of this input signal, i.e. the spline coefficients, by
fitting the complete model to process data forms the focus of this study.

The method is applied for estimation of the oxygen uptake rate in an in-

termittently fed stirred tank reactor for urine nitrification (Udert & Wachter,

|2012; [Fumasoli et al.| [2016). This process has been developed as part of a system

to recover resources, in this case a fertilizer, from source-separated wastewater
streams. In the urine nitrification process, the oxygen uptake rate (OUR) re-
flects the respiration rate of the ammonia oxidizing bacteria and the nitrite
oxidizing bacteria in the process. One aims to achieve a low respiration rate at
the end of each cycle, i.e. right before new untreated urine is fed to the reac-
tor. Estimates of the OUR can thus be used to maximize the efficiency of the

process. This is very similar to conventional aerobic sequencing batch reactors

for wastewater treatment (e.g., [Yoong et all,[2000)). Estimates of the OUR are

also essential for wastewater characterization (e.g., [Spanjers & Vanrolleghem|
[1995; [Spérandio & Etienne, [2000; |(Choubert et al., [2013)), model identification
(e.g., [Vanrolleghem & Spanjers| 1998} [Petersen et al., [2001; [Ferrai et al., [2010)),

and automation (e.g., Spanjers et al.l [1996} [Yoong et al., 2000; Gernaey et al.,
2001). Most typically, one obtains the OUR at infrequent time points by fitting

a linear line to a short series of dissolved oxygen concentration measurements

obtained during an unaerated phase. The underlying idea is that the oxygen
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measurement series are described well by a linear trend, whose slope reflects
the respiration rate in the selected time window. This approach means that the
OUR is not available continuously and that nonlinear effects of aeration and
sensor dynamics are deliberately ignored. With the proposed method, these
assumptions are not necessary and the OUR is available as a continuous pro-
cess input estimate. In addition, the method allows estimating the kinetic pa-
rameters of the aeration system and the sensor simultaneously, thus providing
additional information regarding the state of the components of the monitored
system. We demonstrate the method with data obtained in a single batch cycle

and describe the opportunities that lie ahead.

2. Materials and Methods
All symbol definitions required in this text are given in Table

Table 2: Symbol definitions

Symbol  Description

(C] Feasible set for 6

Q Feasible set for G

B Spline function coefficients

Ok Input noise at knot &

€ Measurement error at sample ¢

o5 Input noise standard deviation

O Measurement error standard deviation

T, Te, Ty~ Time constants (for concentration, for measurement)

Transitions

Degree of the spline function
Number of episodes

Total number of samples

Number of spline knots

e N S

Number of process states



ay

¢Do

oIS

ISV I~

TOUR

S0

t, t;

u, u
(d)
Yo

YDo

135%6)

Matrix describing the shape constraints
Number of transitions

Measurement sample index

Spline index

Spline basis function evaluated at ¢
Convoluted spline basis function evaluated at ¢
Dissolved Oxygen (state)

Left-side interval bounds

Right-side interval bounds

derivative index

episode index

Rate of change

Measurement gains

oxygen uptake rate (OUR)

Initial state vector

State vector

Time (at sample )

Known binary input

Initial values for the unknown process input signal
Unknown process input (dth derivative)
Integrand

Measurement

Dissolved oxygen (noise-free measurement,)

Dissolved oxygen measurement
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2.1. Basic model

Data-generating model — Theory. In this work, we aim to describe measurement

time series of finite length with the following generative model:

8= ft(s,u,v) (1)
gi=g" s(t) +e (2)
€; NN(O,O'E) (3)

with s = s(t), u = u(t), v = v(t).

The above model is a continuous-time state-space model composed of a set of
ordinary differential equations which generates noisy measurements (¢;) at dis-
tinct sampling times (¢;, ¢ = 1,...,I). We further assume that (i) the ordinary
differential equations are piece-wise LTI in the S state variables (s) and the un-
controlled input (v(t)), and (%) that the controlled inputs (w(t)) are piece-wise
constant. In what follows, the parameters of the piece-wise linear LTI system
are given as a vector 7.

The univariate input (v(t)) is assumed to be described well by a signal con-
sisting of K piece-wise polynomial segments of degree D. Each kth polynomial
starts at time ¢y and ends at time txy1 (¢ = 0,8 < tpa1,txs1 = tr, bk =
1,..., K). Every derivative up to the D — 1th derivative of this signal is continu-
ous over the whole domain (0 <t < ¢;). Such a signal is obtained by simulating

the following model:

o(t) = 00(t) = 0D (1), v (0) = vg” ()
5@ () = o@D (), v@D(0) =0 1<d<D (5)
v PV () = 6(t) = Oy, tr <t < tpyy (6)

In the above, d; determines the Dth derivative in the kth segment and can
be interpreted as a piece-wise constant input disturbance. The values for v(()d)
(0 < d < D—1) are the initial conditions for the signal and its derivatives. If §j is
a white noise signal then the simulated signal v(¢) is an auto-correlated signal.

v(t) is defined completely by the 0 sequence (kK = 1,...,K) and the initial
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conditions v(()d) (d=0,...,D —1), which total D + K in number. Of practical
importance is that v(¢) is equivalent to a spline function. As in general spline
function theory, the t; are referred to as (spline) knots. Since spline functions

are linear in their parameters, v(t) can be equivalently expressed as:
u(t) =ai B (7)

with a; the D+ K spline basis functions evaluated at time ¢ (t; <t < t;) and 8

the parameters, named spline coefficients (de Boor, 1978; Ramsay & Silverman),

2005)). Similarly, each of the spline function’s derivatives can be expressed as a
linear function of the same spline coefficients, however using a set of modified

. . d
basis functions, ag ).

v@(t) = (a{”)" B, 1<d< D (8)

The complete model can be described as a sequential process with three
steps. The first step produces v(t) with the disturbance input §(¢). The second
step takes v(t) as a disturbance input and w(t) as a control input to produce

s(t). The last step produces the measurements ¢;. This is depicted graphically
in Fig.

Data-generating model — Application. In this work, we use the developed method
to estimate an OUR signal from dissolved oxygen (DO) concentration measure-
ment time series in an intermittently fed continuously stirred tank reactor. The

applied model is:

¢po 7 (epo,sat — ¢po) — rour(t) ¢po
. = 1 = U, TOUR
Ypo T (cpo — ypo) YDo
9)
9po.k = Ypo(ti) + € (10)
€ ~N(0,0). (11)

cpo and ypo are the DO concentration (state) and the noise-free DO concen-

tration measurement while w is a binary (0/1) control variable which determines
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Figure 1: Schematic representation of the generative model. An discrete-time input distur-
bance signal § is integrated to produce the piece-wise polynomial signal v (D = 3). This
signal enters f,(s,u,v) as an uncontrolled input, together with the controlled input (u).

This produces the state vector s which is further processed into a noisy measurement (7).

whether the process is aerated (u = 1) or not (u = 0). 7 is a time constant de-
scribing the dynamic effect of aeration while 7, is a time constant describing the
oxygen sensor response. We consider the OUR an unknown input disturbance

T
(v(t) = rour(t)) and apply the following additional definitions: g = [ 0 1 ] ,

s = { cpo  Ypo }T, Y=Yy =Ypo, U =1u, T = { Te Ty }T. Accordingly, the
model @[)— can be written in the form of —.

The v(t) input signal is described by a cubic spline function (D = 3). In
Fig. an example of its constituting basis functions (a;) are displayed for

demonstration purposes with a knot added at every 256th measurement sample.



0.2

0.1

Figure 2: Cubic spline function basis — Knots are placed at every 256th sampling point (every
42’40”) over a span of 8H. This means that there are 11 piece-wise polynomial intervals
(K =11) and 14 basis functions (K + D = 14). The basis functions are shown in grey, except
the 10th (full black line) and the 11th (dashed black line). Apart from the first two first and

the last two basis functions, every basis function is translated copy of the third basis function.

Integral form — Theory. In integral form, the above model becomes:
t
=) =" (s0+ [ sl utlow)do) va  (2)
0
sp = s(0) (13)

Importantly, the piece-wise LTI nature of the process and the piece-wise polyno-
mial nature of the input disturbance means that this integral can be rewritten

as follows:

10
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with ¢;, a vector within which the first S columns describe the system’s response
at ¢; to the initial conditions whereas the remaining D + K columns describe
the response of the measurement g; to v(t) from 0 to ¢;. The latter columns
are obtained by convolution of each of the (piece-wise polynomial) spline ba-
sis functions with the piece-wise LTI response. This is executed analytically
thanks to the fact that the response of an LTI system to a polynomial input
can be described as a linear combination of unit (pulse/step/ramp/parabola/...)

responses with the linear combination defined by the polynomial coefficients.

Integral form — Application. In Fig. [3] one can see the D + K convoluted basis
functions obtained with the spline function displayed in Fig. 2| as well as the S
basis functions describing the effect of the initial conditions. In the top panel
one can see the basis functions obtained without aeration (V¢ : u(t) = 0). The
integrating nature of the process (see ) is particularly obvious in this figure
as the basis functions in Fig. 2| are unimodal curves and the convoluted basis
functions in Fig. [3] are monotonically increasing curves with a single inflection
point. Moreover, the basis functions in Fig. [2| that are translated copies of each
other results in convoluted basis functions in Fig. [3| that are also translated
copies of each other. In the bottom panel, one can see the basis functions
obtained when w(t) switches multiple times between 0 and 1. In this case,
the convoluted basis functions decay towards zero in periods where u(t) = 1.
Indeed, due to aeration the effect of prior oxygen consumption disappears as
time progresses. Naturally, this is only the case when the aeration is on. This
is due to the fact that the u(t) signal acts as a modulating signal. Because u(t)
is aperiodic, the original regular nature of the spline basis functions, including

the translative properties discussed above, are lost.

2.2. Problem statement

In what follows next, all parameters except sy and 3 are considered known.
Thereafter the case where 7 is also unknown is considered. The control inputs

u(t) are assumed known perfectly and v(t), s(t), and y(¢) are unknown. Our

11
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Figure 3: Convoluted cubic spline function basis — (top) Convoluted cubic spline functions in
the case u(t)=0. The new basis functions are obtained by simple integration of the original
cubic spline functions. This leads to a quartic M-spline basis. Spline basis functions that
are translated versions of each other remain so after convolution. (bottom) Convoluted cubic
spline functions in the switching binary input case. In this case, the convolution leads to a
more complex pattern showing the effects of the on-off controller. Due to an irregular pattern

of the u(t) signal, the convolution does not preserve translation property anymore.

primary interest lies with the estimation of v(¢) by finding the best-fitting spline

coeflicients (3.

2.8. Method 1: Conventional input estimation

Conventionally, input estimation relies on an additional assumption regard-
ing the input disturbances. It is typical to assume that the values of J; are

sampled from a zero-mean normal distribution (white noise) with a given stan-

12



160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

dard deviation oy:
5k NN(O,O’g) (15)

Under such circumstances, one can compute maximum-likelihood estimates of

the coefficients of 3 by solving the following optimization problem:

) I Vi — i 2 K 5\ 2
, 89 = arg min 22t 4 — 16
Buso = argind (00 ) 30 (%) (16

k
subject to
s
yi=c;, T 0 (17)
B
T
o= (afl”) 8 (18)

This optimization problem is a quadratic program with linear inequality con-
straints defining a non-empty set for 3. Therefore, the unique globally optimal
solution can be computed analytically. In practice, the standard deviations o.
and o5 may not be known. In such cases, it is typical to use the ratio of variances
A= Z—; as a tuning parameter during estimation. For a given A, the obtained
solution will be the same regardless of the exact values of o, and oy5. Setting
A to a higher (lower) value means that the variance of the disturbance inputs
(6%) is penalized more (less) than the variance of the model prediction errors
(yi — i), further leading to a smoother (rougher) estimate of the d; input series.
When applied so, A becomes a smoothing parameter which is fine-tuned to bal-
ance a good model fit to the measurements against smoothness of the estimated

signals. This idea is commonly referred to as regularization and is well-known

in regression (e.g., ridge regression, Marquardt} [1970) and model-based observer

tuning (e.g., Akesson et al., [2008).

2.4. Method 2: Input estimation with shape constraints

Shape constraints — Theory. In this work, we propose an alternative strategy

which is based on the assumption that one knows the shape of the signal v(t)

13



but not its expected distribution. More specifically, we assume that the shape of
v(t) is defined by F contiguous episodes within which the signs of its derivatives
do not change. The derivative signs of the derivatives are given as a matrix
S with S(e,d + 1) corresponding to the sign of the dth derivative in the eth
episode. The T'= F — 1 locations in time where one episode ends and the next
episode starts are known as transitions and are given as 8. The desired shape
S is assumed known. In contrast, the transitions @ are not known a priori and
are therefore added to the estimation problem. The solution for 3 is found by

solving the following fitting problem:

(B.6.2) = arg min 9(3.0, 50) Z 15— wil” (19)
subject to
Yi = CtiT %0 (20)
B
v(t) = ai B (21)
o7 T
D)= o) =a” B (22)

< 0,if t € [be,be] A S(e,d+1) = +1

V() = 0,if t € [be, be] A S(e,d+1) = (23)
>01fte&TASed+1) ~1
b= by by - be -+ bp }
::t1 O - Opq - QT] (24)
b=|b B oo b b |
—[ o o o, - tz} (25)
0co (26)

The objective function is quadratic in 3. and are linear constraints
and the remaining constraints, -, determine the shape constraints. Be-

cause v(t) is described by a spline function, these shape constraints can be

14
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reformulated as a finite number of equality and inequality constraints which to-
gether describe the feasible space for 3 as a semi-definite cone, 2. For details on
how to do this we refer to |Nesterov| (2000); [Papp & Alizadeh! (2014)); |Villez et al.|
. Consequentially, a simpler formulation of the optimization problem is:

(379) = argwin g(3,6) (27)
subject to
I
9(8,0) => |5 — yil’ (28)
=1
yi=c,” | (29)
B
v(t) =ai B (30)
o9 T
() = S0t = ai” B (31)
Be(S,0) (32)
0cO (33)

where © is the feasible set for 6 and where (S, 8) is the convex feasible set
for B, given the desired shape (S) and the transitions (8).
The above optimization problem is a (convex) semi-definite program given

values for 6. In special cases, the optimization problem is a second-order cone

Jprogram, or even a quadratic program (Nesterov, |2000; Villez et al., 2013; [Papp|

|& Alizadeh| |2014). The problem is however nonlinear and possibly multi-modal
in 6. Fortunately however, the bounding procedures developed in
(2013)) apply just as well to this newly posed problem, meaning that globally

optimal values for @ can be found in a finite number of steps via branch-and-

bound optimization (Floudas, [1999; |[Floudas & Gounaris|, 2009; [Forst & Hoff-|
2010). The branch-and-bound algorithm is halted when all live nodes

of the search tree are equal to or completely within a single sampling interval.
At that time, the best available upper bound solution is selected as the optimal

solution. In the branching step, the node with the lowest lower bound is always

15
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selected for further branching. Further details regarding the implementation of
this algorithm, including the applied bounding procedures, can be found in the
Appendiz.

Importantly, the above model does not require knowledge of the input and
output disturbance standard deviations (o, os), let alone the smoothing pa-
rameter \. Instead, the applied shape constraints, defined by S, are used to
deliver a smoothed estimate of v(t). The shape constraints can be interpreted
as a prior for the spline coeflicients. When so, the optimization procedure de-

livers the corresponding maximum a posteriori estimates. This is similar in

philosophy to the model identification method proposed in [Vertis et al.| (2016))

and the data reconciliation approach proposed in |Srinivasan et al| (2017). A

notable difference however is that the input estimation only requires knowing

the sequence of trends or shapes (S) while the transitions (6) are estimated. In

contrast, Srinivasan et al.| (2017) and [Vertis et al.| (2016) assume that (i) both

the sequence of trends and transitions are known priori or (i) that they can be

determined by visual inspection.

Shape constraints — Application. In the studied case, the OUR signal is de-
scribed well as a concave episode followed by a convex episode (E =2). In

addition, the OUR decreases in the second episode. Thus, one writes:

?7 7 -1 7
S = (34)
7 -1 +1 7

with @ = 6 describing an inflection point at #. The symbol ? is used to
indicate unspecified signs. This inflection point corresponds to the change from

exogenous to endogenous respiration conditions in the studied process.

2.5. Method 3: Joint input and parameter estimation with shape constraints

We now consider the case where the values for 7 are unknown. When so,

the following optimization problem needs to be solved to obtain the best-fit 3:

(Baé7+a‘§0):arg min g(,@,o,T,SO) (35)

,0,7,380

16
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subject to

I
9(8,60) = > _ 15 — wil” (36)
yi=cy, " %0 (37)
A

v(t) = al (38)

9% T
() = Sg0(t) = ai” B (39)
Be(S,0) (40)
0co (41)

All the above statements regarding — remain valid for this expanded
optimization problem. Furthermore, the problem is now nonlinear and possibly

multi-modal in @ and 7. In this work, it is solved by combining the DIRECT

method with the branch-and-bound optimization (Jones et al., |1993; Finkel &
Kelley, 2004} 2006). More specifically, the DIRECT method iteratively pro-

poses values 7. For each proposed vector 7, the branch-and-bound algorithm
is executed as discussed above to find the corresponding values for 6. The
DIRECT algorithm is a heuristic yet deterministic approach to global opti-
mization. The DIRECT method does not provide guaranteed global optimality,
unlike the branch-and-bound algorithm. For each candidate vector 7, the prob-
lem is solved to find the globally optimal values for 3 and 0 conditional to 7. In
this case, global optimality of 0 is guaranteed conditional to the obtained values

for 7, which are however not guaranteed to be globally optimal themselves.

2.6. Fxperimental data

The analyzed data is collected in a laboratory-scale (12 L) intermittently-
fed stirred tank reactor for urine nitrification. The reactor is operated in a
cyclic manner with each cycle consisting of a short feeding stage and a no-feed

stage. The feed consists of source-separate urine collected at Eawag with No-

Mix toilets (Larsen et al) [2001). The oxygen level is controlled continuously

17
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by means of a bang-bang controller (on-off control, [Levine, [1996)) with 5.0
and 5.5 mg O, - L™ 'as lower and upper control limits. Full nitrification is
achieved by maintaining the pH above 6.5 with automated base addition (5 M
NaOH). The oxygen and pH controllers are implemented by means of a WAGO
PLC with a sampling rate below 1s. Every 10s, the accumulated valve opening
time, the valve state, and the oxygen concentration measurement are registered
together with a corresponding time stamp. The total length of the batch was
17h. The complete data vector consists of I = 2881 samples and covers a period
of 8 hours, starting at 5h45’ and ending at 13h45’. This period includes the
point in time when all of the available ammonia and nitrite nitrogen is oxidized.
The main reason to include only a segment of the available data is the large
computational demands associated with the SCS model fitting. This challenge

and possible ways to attack it are discussed below.

3. Results

3.1. Ezperimental data

The top panel of Fig. 4] displays the valve state and the measured oxygen
as a function of time. Omne can see that the cycle starts with a fairly long
aerated phase as the oxygen concentration slowly approaches the upper control
limit. This is followed by a sequence of unaerated and aerated phases within
which the oxygen concentration decreases and increases. The decreasing and
increasing trends do not immediately follow the switching between aerated and
unaerated phases. Some overshooting and undershooting is clearly visible. The
overshooting (undershooting) tends to increase (decrease) as time progresses.
This is explained as a consequence of a decreasing oxygen uptake rate. The
bottom panel shows the ratio of the time length of each unaerated phase to the
time between the start time of the considered unaerated phase and the next
unaerated phase as a function of time. As time progresses, this ratio increases
from close to zero (mostly aerated time) to close to one (mostly unaerated time).

At 4h45’ after the first considered measurement sample, the unaerated phase

18



7 length is approximately the same as the aerated phase length. The observed

»ss  profile of this ratio is thus also indicative of a decreasing oxygen uptake rate.

6.5

Dissolved oxygen
concentration [mg/L]

4.5 T T T T T T T 1
19

- e
08 et
0.6

[]

0.4 A

0.2

Phase time ratio

Time [h]

Figure 4: Experimental data — (top) Dissolved oxygen concentration measurements as a func-
tion of time. Aerated phases are indicated with grey shading. (bottom) Ratio of the time
length of the unaerated phases to the time length between start times of unaerated phases as

a function of time.

x0  3.2. Results with method 1

260 An estimate of the input signal, v(t), is first obtained by solving the problem
s described in —. To this end, the model described by @D— is completely
%2 defined by 7 = [ Te Ty } = [ 3 1 } min~—!. Note that these values for T are
»3  deliberately chosen to be close to the optimal values obtained with method 3
e (see below).

265 The spline function v(t) is defined with D = 3 and k = & — 1 (k =

w6 1,..., ;K = (1'2"—1] — 1)). This means the spline knots are placed at every
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second measurement sampling time ¢;. Consequentially, v(t) is described as
a spline function of degree D = 3 with K =1441 polynomial segments. 3
therefore contains D + K = 1444 spline coefficients. The smoothing parameter
A= Z—; was tuned to deliver the same root mean squared residual (RMSR) for
the model prediction errors (y; — ;) as obtained with method 2 (see below).
This way, the amount of regularization achieved by tuning A is similar to the
regularization obtained with the application of shape constraints. In the top
panel of Fig. |5| one can see that the obtained y(t) profile matches the saw-tooth
pattern of the DO measurements well. The OUR, shown in the middle panel
of Fig. [f] can be described as a saw-tooth pattern as well, with values above
and below zero. This pattern does not correspond to what is generally expected
from an OUR signal. For instance, the OUR should be positive at all times and
is usually a decreasing function of time. In addition, the bottom panel shows
that the residuals between DO measurements and DO predictions are clearly
auto-correlated. The model generally under-predicts the DO concentration at
times where the aeration is switched off and over-predicts the DO concentration

at times where the aeratio is switched on again.

3.3. Results with method 2

The model used with method 1 is now used again with method 2. The
optimization problem — is solved with the shape constraints discussed
for the example discussed above (34). In Fig. |§| the progress of the branch-
and-bound algorithm is shown by visualizing the retained sets for 6 at every
iteration. After 14 iterations, the algorithm converged to within 1 measurement
sampling interval and is halted. The corresponding best fit of the obtained
model (y(t)) is shown in the top panel of Fig.[7|and corresponds to an inflection
point at # = 3h57'56”. One can see that the obtained y(t) profile follows the
saw-tooth pattern of measurements closely, as was the case with method 1. The
OUR (v(t)) signal shown in the middle panel appears very different however.
Importantly, one can see that the OUR, curves match the desired shape, namely

decreasing over the whole domain, concave in the 1st episode, and convex in the
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Figure 5: Regularized input estimation (method 1) — (top) Dissolved oxygen concentration
measurements (g(t)) and fitted model predictions (y(t)) as a function of time. (middle) Input

signal estimate (v(¢)). (bottom) Predictions residuals as a function of time.

2nd episode. The bottom panel of Fig. [7]shows the residuals. These lie between
-0.2 and +0.2 mg O, - L~!. The overall RMSR is 0.0563 mg O, - L~!. This is
considered to reflect a reasonable fit to the data. A further improvement of the
fit is however likely if not only € but also the values of 7 are optimized, as is

discussed next.

3.4. Simultaneous input and parameter estimation

The branch-and-bound method is applied to find the optimal values of 6
conditional to given values for 7. This optimization is nested in a DIRECT
routine which proposes values for 7. The obtained fit of the model is slightly
better than the one obtained before since the RMSR. is now 0.0550 mg Oo - L~ 1.
Fig. 8] displays the estimates for v(t) and u(t) as well as the residuals, akin to
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Figure 6: Progress of the branch-and-bound algorithm as a function of the branch-and-bound
iteration number. At every iteration (bottom to top), the retained sets in the solution tree

are shown. After 14 iterations, the optimal solution is found at 3h58’.

Fig. yet now with optimal values for 7, which are 7 = [ 2.99 (.893 } min~1
at convergence. Interestingly, the values suggest a rather high time constant
for the aeration process, equivalent to a kra of about 20 h~!. The estimated
time constant for the oxygen sensor (0.893min~!) is reasonably fast but not
negligible. The corresponding transition is found at 6 = 3k58'30”. This is very
close to the value obtained previously with values for 7 that deviate from their
optimum. This suggests that the estimate of 6 is rather insensitive to the values

for T.
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Figure 7: Shape constrained input estimation (method 2) — (top) Dissolved oxygen concen-
tration measurements (7 (¢)) and fitted model predictions (y(t)) as a function of time. (middle)

Input signal estimate (v(t)). (bottom) Predictions residuals as a function of time.

4. Discussion

4.1. Main achievements

In this study, an SCS-based method is used for input estimation and simul-
taneous input and parameter estimation and compared to a more conventional
approach based on regularized fitting. It is shown that the SCS-based method
leads to a nonlinear optimization problem which can however be solved to global
optimality in a deterministic manner. The obtained estimation procedure cor-
responds to maximum a posteriori estimation if (i) the measurement noise is
Gaussian and independently and identically distributed and (i) the shape con-
straints are interpreted as defining a prior likelihood for the input signal. Most

importantly, it was shown that the conventional approach leads to an OUR sig-
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Figure 8: Simultaneous input and parameter estimation (method 3) — (top) Dissolved oxygen

concentration measurements (3(t)) and fitted model predictions (y(¢)) as a function of time.

(middle) Input signal estimate (v(t)). (bottom) Predictions residuals as a function of time.

nal estimate that is hard to interpret, let alone trust. This is believed to be due
the inability of the smoothing approach to account for model-reality mismatch.
In contrast, the method based on shape constraints does not suffer from a lack
of transparency and thereby leads to a sensible estimates of the process input
disturbances, mainly by incorporating prior knowledge via the imposed shape
constraints.

In addition, the method based on shape constraints has been extended fur-
ther to enable simultaneous input and parameter estimation. This is shown
possible through combination of the branch-and-bound algorithm and the DI-
RECT algorithm. Both the input estimation method and the simultaneous

input and parameter estimation method are demonstrated with data obtained
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in a laboratory-scale reactor for urine nitrification. Using such experimental
data shows that the proposed method can be used in realistic experimental

conditions.

4.2. Benefits of the proposed method

The original SCS method is restricted to the direct analysis of univariate
signals. This means that the estimated signal shape is required to correspond
to the shape of the analyzed signal. With this work, this requirement has been
lifted. Indeed, the estimated shape of the input signal does not need to match
the shape of the measured signal.

The chosen approach bears some similarity to the QTA of principal scores as
studied in Maurya et al.| (2005) given that principal component analysis is used
to uncover latent or hidden signals in measured data. In contrast to this study,
our method is based on a mechanistic model and enables QTA by analyzing
the measured data in a single step. This bears some similarity to the work in
Flehmig & Marquardt| (2008]), even if the latter study is focused on linear trend
identification. This decoupling makes it possible to estimate a slowly changing
input signal that is subject to a fast process. This is especially valuable if the
fast-changing process is not of primary interest for process monitoring, diagnosis,
or control. This is the case for many biological processes, where the interesting
dynamics of the biological process (e.g., OUR) are buried in a fast-changing
signal (e.g., DO) generated by feedback controllers that maintain macroscopic
variables in a desired range.

In comparison to traditional estimation of the OUR, based on infrequent
OUR estimation at the end of each non-aerated phase, the proposed method

offers several advantages. These include:

e All available data is used for estimation, thus likely increasing the precision
of the estimates and allowing the use of lack-of-fit statistics to check for

anomalous process conditions (see |Villez & Habermacher, [2016])

e The parameters describing the aeration system and sensor dynamics can
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be estimated simultaneously with the OUR, meaning that one can monitor
both the aeration system and the sensor response time with a single model

and estimation method.

The OUR signal can be integrated analytically to obtain the accumulated
oxygen consumption over time. This is particularly useful for wastewa-
ter characterization where this integral is conventionally obtained by first
interpolating the infrequent OUR estimates linearly (Amerlinck, [2015)).

Such an approximation can now be avoided.

4.8. Future work

Further study may help to improve the following aspects of the method:

e The DIRECT method used for optimization of the process parameters

does not guarantee global optimality. Methods to obtain globally optimal
estimates may be required if the modeled process structure and/or the
estimated signal result in an objective function that has multiple local

minima.

The applied model structure was assumed to be LTI. Alternative model
structures can however be proposed to further improve the obtained fit of
the model. For general-purpose monitoring, the method appears satisfac-

tory however.

The SCS method has recently been extended for multivariate signal anal-
ysis (Derlon et al., |2017)). This approach can easily be combined with the
method proposed here and would enable shape-constrained estimation of
a multivariate input signal. This only works if the shape of each of the
fitted spline functions is the same, as is the case in [Derlon et al.| (2017]).
A more general method, permitting use of distinct shapes for each spline

function, is being developed at the time of writing.

In its current form, broad applicability is limited due to a large compu-

tational demand when the time series exceed 2000 data points and the
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inter-knot distance approaches the sampling interval, as in our case. This
demand is partly explained by the need to compute and store large ma-
trices (consisting of vectors ¢y, (7)) during optimization. The form of the
optimization problem — is however very similar to those solved in
moving horizon estimation (MHE) methods. This signifies that an MHE
approach may allow reducing the size of the optimization problems, how-
ever requiring the optimization routine to be repeated in a moving window

approach.

5. Conclusions

A new method for unknown input disturbance signal estimation is presented.
It is rooted in prior work on qualitative trend analysis and allows estimation of
a process signal of a known shape based on a linear piece-wise time-invariant
model of the process dynamics. The method is demonstrated with data obtained
at laboratory-scale in a high-intensity process for resource

y from source-separated urine. The results indicate that sensible input es-
timation is possible while estimates of the parameters describing the dynamics
of aeration system and the sensor are also produced. The method therefore
appears promising as a way to maximize the information that can be extracted
from typical dissolved oxygen concentration profiles in aerobic biological pro-

cesses.
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o 7. Appendix

a2 7.1. Branch-and-bound optimization

a3 The branch-and-bound algorithm is a long-standing and broadly applicable

2 method for deterministic global nonlinear optimization (Floudas| 1999; Floudas|
ws  |& Gounaris| [2009; [Forst & Hoffmann| 2010)). For details regarding the branch-
226 and-bound optimization methods for SCS fitting, we refer to|Villez et al.| (2013));

w2 |Villez & Habermacher| (2016). In what follows, we only discuss the bounding

a8 procedures. This is the only element in the branch-and-bound optimization that

20 has been changed compared to the method in |Villez et al.| (2013).

w0 7.2. Bounds for input estimation

a1 As in |Villez et al.| (2013)); |Villez & Habermacher| (2016), values for 3 can be

a2 obtained by greedy or convex optimization given values for 8. Therefore, joint
.3 optimization of @ and 3 is possible by a nested strategy which obtains values
s for @ by branch-and-bound optimization. Values for 3 are repeatedly obtained
15 by optimization given 6. For estimation of v(¢) the same strategy is applied.
16 The bounding procedures and their proofs are analogous to those in
437 . We therefore give the bounding procedures without proofs.
In what follows, we consider that during optimization the jth (hyper)rectangular

set of considered values for 8, ©;, is described as:
0cO,<0<60<0 (42)

with vector inequalities applied element-wise. Any feasible vector € within this

set must satisfy the following monotonicity constraint:
0cO;evt=1,....T:0, <0, <0, (43)

s Upper bound. An upper bound is easily found by solving — for 3 given
19 any vector @ satisfying —. We refer to the corresponding parameter
wo  values as 8V and BY and the objective function value as ACHEN (ﬁU, BU).
a1 If no value for 8 can be found that satisfies 42| and then the set ©; is empty

sz and the upper bound is set equal to g (0;) = +o0.

28



Lower bound. If ©; is empty, then the lower bound is equal to +oo. If ©; is

not empty, the following relaxed optimization problem is solved:

L .
B =argming(B,6;) (44)
subject to
I
9(8,0;) => i — vil? (45)
i=1
yi=ci(r)" B (46)
v(t) =ai B (47)
o T
d _ (d)
D)= 2 vlt) = af”" g (18)
BEN(S, ;) (49)
w: with Q (S, 0;) defined as:
< 0,if t € [be,be] A S(e,d+1) = +1
V() §=0,if t € [be,be] AS(e,d+1) =0
> 0,if t € [be,be] AS(e,d+1) =—1
BeQ(S,0,) (b b by be be (50)
1 91 9,571 9T :|
b b b be be
0 0o 01 tr ]
244 The value for Q(BL, ©,) is a valid lower bound (without proof).
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